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Abstract
We revisit the quantization of matter-coupled, two-dimensional dilaton grav-
ity. At the classical level and with a cosmological term, a series of field trans-
formations leads to a set of free fields of indefinite signature. Without matter
the system is represented by two scalar fields of opposite signature. With a
particular quantization for the scalar with negative kinetic energy, the system
has zero central charge and we find some physical states satisfying all the
Virasoro conditions. With matter, the constraints cannot be solved because
of the Virasoro anomaly. We discuss two avenues for consistent quantization:
modification of the constraints, and BRST quantization. The first avenue
appears to lead to very few physical states. The second, which roughly corre-
sponds to satisfying half of the Virasoro conditions, results in a rich spectrum
of physical states. This spectrum, however, differs significantly from that of
free matter fields propagating on flat two-dimensional space-time.
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I. INTRODUCTION AND SUMMARY
In the last few years much research has been carried out on models of gravity in two
space-time dimensions — lineal gravity — with the hope of illuminating some puzzles of
physical quantum gravity in four dimensions: the problem of time, the problem of quantizing
a diffeomorphism invariant theory, the paradoxes associated with the occurrence of black
holes in the classical theory and Hawking radiation in the semi-classical analysis, etc.
When modeling lineal gravity, two-dimensional analogs of Einstein’s equation and of the
Hilbert-Einstein action cannot be used, because they are vacuous in that dimensionality;
therefore gravitational dynamics has to be invented afresh. The models that have been
studied recently posit local dynamics for the “gravity” sector, which involves metric variables
(metric tensor gµν , Zweibein e
a
µ, spin-connection ωµ) and an additional world scalar (“dilaton”
or Lagrange multiplier field). Such “scalar-tensor” theories, introduced a decade ago [1], are
obtained by dimensional reduction from higher-dimensional Einstein theory [1,2]. They
should be contrasted with models where quantum fluctuations of matter variables induce
gravitational dynamics [3], which therefore are nonlocal and do not appear to offer any
insights into the questions posed by the physical, four-dimensional theory.
Another lineal gravity theory is provided by two-dimensional string theory, which is con-
structed in a rather indirect fashion as a field theory on a background two-dimensional space-
time. A manifestly background-independent formulation is not yet known, in contrast to the
case for the simpler field theories to be discussed here. Therefore the issue of summing over
space-time metrics is unclear. One would expect the semi-classical limit of two-dimensional
string theory to describe, roughly speaking, nontrivial dynamics for a massless scalar field
on a two-dimensional background space-time, lacking translational invariance [4].
The model we study is the so called “string-inspired dilaton gravity” – CGHS theory [5].
Initially presented in variables that arise naturally from string theory, the dilaton gravity
action reads
Igravity =
∫
d2x
√−g e−2φ
(
R + 4gµν∂µφ∂νφ− λ
)
, (1.1)
where φ is the dilaton field, R is the scalar curvature constructed from the metric tensor
1
gµν (det{gµν} ≡ g) and λ is a cosmological constant. The over-bar distinguishes metric
variables in the initial formulation from rescaled ones, which we use henceforth, that are
defined by
η = e−2φ , (1.2a)
gµν = e
−2φgµν , (1.2b)
in terms of which the action (1.1) becomes
Igravity =
∫
d2x
√−g (ηR− λ) . (1.3)
We minimally couple a matter field ϕ,
Imatter =
1
2
∫
d2x
√−g gµν∂µϕ∂νϕ , (1.4)
where, for simplicity we consider a single massless scalar field. The coupling is conformally
invariant and consequently insensitive to the field redefinition (1.2b). Nevertheless, as is
well known, quantum mechanically there is an anomaly. (One may increase the number of
matter fields ϕ → ϕi, i = 1, . . . , N , but this is of no significance to us; we do not consider
the large-N limit.)
The total action for the matter-coupled dilaton gravity is the sum of (1.3) and (1.4),
weighted by the gravitational coupling constant G,
I =
1
4πG
Igravity + Imatter . (1.5)
We have previously analyzed this model within its equivalent, Poincare´ gauge invariant
formulation [6]. Guided by its constraint structure, which in turn is a consequence of gauge
invariance, we solved some constraints and passed to new variables by various redefinitions
and canonical transformations, arriving at variables that enter quadratically and decouple
from each other [6]. Our final Lagrange density reads
Lg+m = πar˙a +Πϕ˙− uE − vP , (1.6)
where {πa, ra} and {u, v} is what is left of the “gravity” variables and the remaining energy
E and momentum P constraints read
2
E = −1
2
(
1
Λ
πaπa + Λr
a′r′a
)
+ 1
2
(
Π2 + ϕ′2
)
, (1.7a)
P = −πara′ − Πϕ′ , (1.7b)
with Λ ≡ λ/8πG, and dot (dash) indicating differentiation with respect to time t (space
σ). Note that the dynamically active gravitational variables {πa, ra} enter with an indefinite
quadratic form, regardless of sign [Λ]: 1
Λ
πaπa+Λr
a′r′a =
1
Λ
(π0)2− 1
Λ
(π1)2+Λ(r0
′
)2−Λ(r1′)2.
That there should be only two dynamical gravity variables in this theory is consistent with
the familiar observation that two-dimensional dilaton gravity involves the Liouville (Weyl
factor) and dilaton degrees of freedom.
An important point should be made. It is well-known [7] that a set of field redefinitions
transforms the dilaton gravity CGHS model without cosmological constant to an indefinite
sign quadratic form like in (1.7a). The cosmological constant is then re-inserted as an
approximate conformal perturbation. In our reduction, involving field redefinitions that are
local in time but not in space, a quadratic indefinite form is the entire expression, even in
the presence of a cosmological constant. As an alternative to the previous gauge theoretic
argument [6], we shall present a derivation of (1.6) and (1.7) within the conventional metric
formalism [8].
At this stage the development encounters a quantum obstruction: the constraints that
E and P should vanish appear first class on the classical level — they close under Poisson
bracketing — but upon quantization they acquire a center and become second class, owing
to the well known triple-derivative Schwinger term in the [E ,P] commutator, which is the
same as the Virasoro anomaly. The quantum theory is recognized to be anomalous [6]. Much
of our paper deals with various issues concerning this anomaly. Indeed, the central points in
this paper concern answers to the following questions:
(Q1) In pure dilaton gravity theory, i.e., without matter fields, the effective dynamics is
that of two scalar fields of opposite signature. In conformal field theory, such a system is
usually considered to have a non-vanishing central term of c = 1 + 1 = 2, with each scalar
contributing unity, regardless of its signature. If that is the case, how is it possible that there
are solutions to the constraints, as found in Refs. [6,9] ?
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(Q2) In string theory, one is not familiar with states annihilated by all Virasoro operators.
Typically, states are annihilated by half of the Virasoro operators. Starting from the wave
functionals of Ref. [6], one can construct the corresponding states in the explicitly regu-
lated language provided by an oscillator expansion. Do these states satisfy all the Virasoro
conditions? How many such states are there?
(Q3) When matter is coupled, the constraints have a center and cannot be solved. Is it
possible to modify the constraints and eliminate the center? What are then the physical
states? How does this compare with the BRST quantization of the system?
(Q4) Is there a quantization scheme where the spectrum of physical states in matter-coupled
dilaton gravity is in rough agreement with the spectrum of physical states for free matter
fields propagating in flat two-dimensional space-time?
As a way to summarize our results, we now sketch the answers to the above questions.
(A1) In the quantization scheme of Refs. [6,9] the scalar with negative kinetic energy is
treated in a way different from what is common in conformal theory. When quantizing such
a scalar, one has the choice of either positive energy states and negative norms, or negative
energy states with positive norms. For a scalar with positive kinetic term one achieves
both positive norms and positive energies by identifying annihilation operators with positive
energy solutions and creation operators with negative energy solutions. This choice is also
the usual choice in conformal theory for scalars with negative kinetic energy; it leads to
positive energies, negative norms (thus the name “negative norm” scalar) and a central
charge of (+1). The opposite choice of creation and annihilation operators leads to negative
energies, positive norms, and a central charge of (−1). Therefore, there is a quantization
scheme where a scalar with positive kinetic energy and a scalar with negative kinetic energy
define a system with total central charge zero.
(A2) We construct explicitly the Fock space representation of the two states whose wave
functionals are given in Refs. [6,9]. The two states are exponentials of bilinears of creation
operators acting on the vacuum, differing by an overall sign in the exponential. We have
verified explicitly that they are annihilated by all the Virasoro operators Ln. Furthermore,
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we find two more states that are annihilated by all the Ln’s, but curiously, they cannot be
represented by wave functionals.
(A3) We discuss two ways of modifying the constraints in order to obtain a system with
zero center and then we consider the alternative provided by BRST quantization. In the first
way to modify the constraints, following some ideas of K. Kucharˇ [10], we pass to yet further
gravitational variables and then find a simple addition that can be made to E ± P, which
cancels the anomaly. This addition is related to structures that have appeared elsewhere in
the literature [11], and we explain this. Physical states may exist but seem difficult to obtain.
In the second way to modify the constraints, we follow standard conformal field theory lore
and add a background charge to the scalar with negative kinetic energy . This can be used
to reduce the central charge of this scalar to any desired value, and in particular to the
value that will give zero total central charge. Despite having zero central charge, it seems
unlikely that there are many physical states. In the second way, using the BRST procedure,
the ghost system is coupled and it carries a center (−26). Furthermore, for the positive-sign
scalar of the gravitational sector a background charge is used to increase its center so that
together with the negative sign scalar [which here gives center (+1)] and matter, one attains
the center (+26). Physical states are those states that are annihilated by the BRST operator
and cannot be written as the BRST operator acting on another state. Roughly speaking,
BRST quantization is a consistent procedure to impose half of the constraints. The spectrum
of physical states for our present problem is rich and follows from well-known results [12,13].
(A4) The procedure of modifying the constraints to get zero center, and then imposing all of
them seems unable to produce a large (or infinite) number of physical states. In the BRST
method the space-time is taken to be a flat cylinder, and we get a set of physical states that
is not very different from that one would expect in the zero gravity limit. The continuous
parameters that describe the states, however, do not work out. For a single scalar field
we should have one continuous parameter, the vacuum “momentum”, but here we obtain
two continuous parameters. We feel that a large mismatch between these sets of physical
states is an indication that the semi-classical approximation to quantized gravity may be
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problematic.
Let us describe briefly the organization of this paper. In Section II we review the gauge
theoretical formulation of the model. In Section III we explain how to reduce the theory in
terms of metric-based variables, to indefinite sign quadratic form [8]. Section IV discusses
the modification of the constraints to achieve zero central term as in Ref. [10]. In Section V,
we describe the alternative quantizations of the scalar field with negative kinetic energy. We
consider the pure dilaton gravity theory and give the oscillator description of the physical
states, showing that they satisfy all the Virasoro conditions. In Section VI we show how
a standard conformal improvement of the negative norm scalar gives a constraint system
with zero center. In Section VII we describe the BRST quantization of dilaton gravity with
and without matter, and compare the spectrum of physical states to that of the flat-space
limit. Finally, in Section VIII we offer some general comments, discuss open questions, and
speculate about the four-dimensional theory, using the insights drawn from the 2-dimensional
toy model.
II. GAUGE THEORETICAL STARTING POINT
This Section has two parts. In the first part we summarize the gauge theoretical formu-
lation of the dilaton gravity theory and describe the constraint structure of the theory. In
the second part, for the benefit of the interested reader, we give a self-contained derivation
of most of the results quoted in the first part.
A. Summary of the Gauge Formulation
The pure dilaton gravity theory given in (1.3), and the matter-coupled dilaton gravity
theory in (1.4),(1.5) can be given a gauge theoretical formulation. The basic idea is to work
with Einstein-Cartan variables — Zweibein and spin-connection — and to view them as
gauge potentials for some suitably chosen Lie group. Specifically, one combines the Einstein-
Cartan variables into a Lie algebra valued gauge connection Aµ, builds the gauge curvature
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Fµν = ∂µAν−∂νAµ+[Aµ, Aν ], introduces a non-singular, bilinear invariant on the Lie algebra
〈 | 〉, and forms the scalar-tensor action
I ∝
∫
〈H | Fµνdxµdxν〉 , (2.1)
where H comprises (a multiplet of) Lagrange multipliers. (The invariant bilinear 〈 | 〉
is constructed from the Cartan-Killing metric when the group is semi-simple; otherwise
alternative expressions must be used.) The dynamical equations involve H and Aµ; when
they are re-expressed in terms of the dilaton field (which corresponds to one component
of the H multiplet) and in terms of the metric tensor (which is reconstructed from the
Zweibein and spin-connection that are collected in Aµ) one regains the metric version of the
gravitational equations.
The action (2.1) does not depend on a background metric, and the hoped-for advan-
tage in the gauge theoretical formulation of a geometric gravity theory is that one can use
quantization methods that have been perfected during the decades spent studying gauge
theories, thereby circumventing some of the obstacles to quantizing a gravity theory. More-
over, enforcing gauge invariance can resolve ambiguities and uncertainties in the quantization
procedure. Of course, when the gauge theoretical approach succeeds, it should also instruct,
in retrospect, how the goal could have been reached if one remained with the conventional
formalism.
The theory given in (1.3) is formulated using the centrally extended, 4-parameter Poincare´
group [14]. In the algebra of this group, there occur two translation generators Pa, (a = 0, 1)
whose commutator contains the central element I,
[Pa, Pb] = ǫabI , (2.2a)
while the commutator with the Lorentz rotation generator J is unmodified.
[Pa, J ] = ǫa
bPb . (2.2b)
[Notation: tangent space indices (a, b, . . .) are moved with hab ≡ diag(1,−1); ǫab = −ǫba,
ǫ01 = 1; space-time points xµ are 2-vectors (t, σ).] The Zweibein eaµ is taken to be the gauge
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potential for translations, the spin-connection ωµ is the gauge potential for the Lorentz
rotation, and a further U(1) gauge potential aµ has to be introduced for the central element
I. Thus, the gauge connection is constructed as
Aµ = e
a
µPa + ωµJ + aµI , (2.3a)
and the curvature reads
F = 1
2
ǫµνFµν = ǫ
µν
{
(∂µe
a
ν + ǫ
a
bωµe
b
ν)Pa + ∂µωνJ + (∂µaν +
1
2
eaµǫabe
b
ν)I
}
,
≡ faPa + f 2J + f 3I . (2.3b)
Correspondingly, a quartet multiplet of Lagrange multiplier fields is introduced
H = ηah
abPb − η3J − η2I , (2.4)
and the invariant, non-degenerate bilinear is given by
〈H | F 〉 = ηafa + η2f 2 + η3f 3 , (2.5)
thus providing a Lagrange density L for the action (2.1). It follows that the dynamics implied
by (2.1)–(2.5) is the same as that of (1.3) [or of (1.1)]: η coincides with 1
2
η2,
√−g R =
2ǫµν∂µων and the cosmological constant λ, absent from the gauge action, emerges as the
value in the solution for η3, which is also a group invariant [14].
The gauge theoretic formulation of the matter-coupled dilaton gravity theory (1.5) re-
quires further developments [6]. Gauge invariance in the matter sector is achieved by a
Higgs-like mechanism, which introduces a new field qa — the Poincare´ coordinate — and
its canonical conjugate pa [15,16]. The complete gauge invariant Lagrange density for the
matter-gravity system that we studied reads, in first order form [6],
Lg+m = 1
4πG
(ηae˙
a
1 + η2ω˙1 + η3a˙1) + paq˙
a +Πϕ˙+ ea0Ga + ω0G2 + a0G3 − uE − vP , (2.6)
where,
Ga ≡ 1
4πG
(
η′a + ǫa
bηbω1 + η3ǫabe
b
1
)
+ ǫa
bpb , (2.7a)
G2 ≡ 1
4πG
(
η′2 + ηaǫ
a
be
b
1
)
− qaǫabpb , (2.7b)
G3 ≡ 1
4πG
η′3 , (2.7c)
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and,
E ≡ (Dq)aǫabpb + 12
(
Π2 + ϕ′2
)
, (2.8a)
P ≡ −pa(Dq)a −Πϕ′ , (2.8b)
(Dq)a ≡ qa′ + ǫab
(
qbω1 − eb1
)
. (2.9)
(To conform to usual conventions, some signs are changed from Ref. [6].)
The Poincare´-coordinate qa may be set to zero by a gauge transformation, whereupon
(2.6)–(2.9) can be shown to be equivalent to (1.5), as is demonstrated in the next subSection.
With dynamical qa, (2.6)–(2.9) define a Poincare´ gauge invariant system — that is why qa
is like a Higgs field. In our previous investigation [6], we began with (2.6)–(2.9), which
although not manifestly gauge invariant, clearly exhibit that symmetry by virtue of the
symplectic structure in (2.6) and the vanishing of the gauge constraints (Ga, G2, G3). In
the next subSection, we show explicitly how the haphazard-looking expressions (2.6)–(2.9)
in fact follow from a manifestly gauge invariant formalism. The constraint structure in the
above equations is a guide to field redefinitions and canonical transformations [6] that map
the model onto decoupled field variables entering quadratically in (1.6) and (1.7).
B. Deriving the Constraint Structure
In this subSection we present a gauge formulation of matter-coupled dilaton gravity (1.3),
(1.4) and give a derivation of Eqs. (2.6)–(2.9). As mentioned before, the gauge structure
is based on a central extension of the two-dimensional Poincare´ algebra (2.2) with four
generators {QA}A=0,1,2,3 = {Pa, J, I}a=0,1. In the adjoint representation, a group element
parametrized by {θa, α, β} is a 4× 4 matrix
UAB =

Λ(α)ab −ǫacθc 0
0 1 0
θcǫcdΛ(α)
d
b −12θcθc 1
 , (2.10)
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with Lorentz transformation Λ(α)ab = δ
a
b coshα + ǫ
a
b sinhα, and no dependence on the
parameter β. A contravariant element H = ηAQA = η
aPa + η
2J + η3I transforms as ηA →
(U−1)ABηB, or in components
ηa →
(
Λ−1
)a
b
(
ηb + η2ǫbcθ
c
)
, (2.11a)
η2 → η2 , (2.11b)
η3 → η3 + ηaǫabθb − 12η2θaθa . (2.11c)
Notice that vectors along I are invariant, a property of a solvable algebra.
Since the extended Poincare´ algebra is not semi-simple, it has a degenerate Cartan-Killing
form. There is, however, a one-parameter family of inner products
〈QA | QB〉 = hAB , (2.12a)
hAB =

hab 0 0
0 c −1
0 −1 0
 , (2.12b)
that are invariant 〈QCUCA | QDUDB〉 = 〈QA | QB〉, and non-degenerate. The inverse to hAB is
hAB =

hab 0 0
0 0 −1
0 −1 −c
 . (2.12c)
It is convenient to set the parameter c to zero. This is achieved by shifting J with a
multiple of the central element I, and we make this choice henceforth. The bilinear form
defines a metric on the 4-dimensional (Lie algebra) space, which is used to raise and lower
indices, interchanging covariant and contravariant tensors, e.g. ηA = hABη
B transforms as
ηA → ηBUBA, in components
ηa → (ηb − η3ǫbcθc) Λba , (2.13a)
η2 → η2 − ηaǫabθb − 12η3θaθa , (2.13b)
η3 → η3 . (2.13c)
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The gravitational fields are collected in the gauge potential (2.3a) and the existence of
the non-degenerate inner product (2.12) allows the construction of an action for pure dilaton
gravity
Igravity =
∫
d2x
〈
H | F
〉
. (2.14)
The solutions to the classical equations of motion,
Aµ = U
−1∂µU , ∂µ(UHU−1) = 0 , (2.15)
are labeled by the two gauge invariants M = 〈H | H〉 = ηaηa − 2η2η3 and λ = 〈I | H〉 = η3.
The norm square of H corresponds to the “mass” M of the CGHS black-hole. Its projection
on the invariant central element coincides with the cosmological constant λ, which is not
fixed but enters as a dynamical variable in our model.
The coupling of matter to dilaton gravity in an explicit gauge invariant way requires
the use of two additional fields qa called Poincare´ coordinates [15,16]. Consider a fiducial
quantity qA(0) that is constant and picks out the Lorentz generator [17]
q(0) = q
A
(0)QA = J . (2.16)
Using the Poincare´ coordinates, we transform q(0) into the Pa direction and obtain a Lie
algebra element that is taken to transform contravariantly
q ≡ exp
(
qaǫa
bPb
)
q(0) exp
(
−qaǫabPb
)
= qaPa + J +
1
2
qaqaI . (2.17)
The transformation of this vector, qA → (U−1)ABqB, induces a transformation of the
Poincare´ coordinates, see (2.11a),
qa →
(
Λ−1
)a
b
(
qb + ǫbcθ
c
)
, (2.18)
which defines a non-linear action of the group [15]. Notice that the Poincare´ coordinates can
always be set to zero with an appropriate gauge transformation θb = −ǫbcqc.
Matter fields are described in a similar way. Although we are ultimately interested in
massless fields, we find a manifestly gauge invariant action only for massive scalar fields with
mass m, which we later set to zero. Starting with the combination
11
Φ(0) =
ϕa
m2
Pa − ϕ3J , (2.19)
we construct
Φ ≡ exp
(
qaǫa
bPb
)
Φ(0) exp
(
−qaǫabPb
)
=
(
ϕa
m2
− ϕ3qa
)
Pa − ϕ3J +
(
ϕa
m2
− 1
2
ϕ3q
a
)
qaI ,
(2.20)
and choose it to transform contravariantly under a gauge transformation. According to
(2.11), this induces the matter field transformation law
ϕa → (Λ−1)abϕb , (2.21a)
ϕ3 → ϕ3 . (2.21b)
Gravity is minimally coupled through the covariant derivative, and the matter-gravity inter-
action is taken in explicitly gauge invariant form
Imatter =
m2
4
∫
d2x
〈
q
∣∣∣∣∣ǫµν [DµΦ, DνΦ] + m22 e(q)
[
Φ, [Φ, q]
]〉
, (2.22)
where
Dµ = ∂µ + [Aµ, ] ,
e(q) = 1
2
ǫµνǫab(Dµq)
a(Dνq)
b . (2.23)
Together with the dilaton gravity action (2.14), (2.22) describes two-dimensional matter-
coupled dilaton gravity in a manifestly topological and gauge invariant way.
The relation to the Klein-Gordon action becomes apparent if we rewrite (2.22) using the
components of the fields. Up to surface terms, which we drop, Imatter is
Imatter = −12
∫
d2x
[
ϕ3ϕaf
a + ϕa
(
1
2
ϕa
m2
− ϕ3qa
)
f 2
]
+ 1
8
∫
d2x e(q)
(
ϕa + 2ǫabE(q)µb ∂µϕ3
) (
ϕa + 2ǫa
cE(q)νc ∂νϕ3
)
+ 1
2
∫
d2x e(q)
[
habE(q)µa E(q)
ν
b ∂µϕ3 ∂νϕ3 −m2ϕ32
]
, (2.24)
with
E(q)µa =
1
e(q)
ǫµνhab(Dνq)
b . (2.25)
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The first term in the right side of (2.24) is absorbed in a redefinition of ηa and η2 in the pure
dilaton gravity Lagrangian (2.5), (2.14), whereupon the massless limit can be taken. The
second term sets ϕa equal to the gradient of the field ϕ3. In the gauge q
a = 0, e(q) becomes
the density
√−g, E(q)µa the inverse Zweibein Eµa from which the metric is reconstructed:
hab Eµa E
ν
b = g
µν , and the third term coincides with the action of a massive scalar field [18].
Quantization is carried out in a first order formalism and we want to show now that
(2.6)–(2.9) follow from (2.14) and (2.24). As said before, the first term on the right side
of (2.24) is combined with the dilaton gravity action by a redefinition of ηa and η2. The
spatial components of the gauge fields multiply η˙A and become the momenta conjugated to
ηA, whereas the gauge field time components play the role of Lagrange multipliers. In the
remainder of the first order expression for (2.24), the coefficients of q˙a and ϕ˙3 are identified
with their respective canonical momenta pa and Π, whose definition is enforced with three
Lagrange multipliers {Na, N}. Consequently, Lg+m = 14piGLgravity + Lmatter is written in an
equivalent form as
Lg+m = 1
4πG
(ηae˙
a
1 + η2ω˙1 + η3a˙1) + paq˙
a + πϕ˙3 + e
a
0Ga + ω0G2 + a0G3
+Na
[
pa − 12ǫabϕbϕ′3 − 18ǫab(Dq)b
(
ϕcϕc − 4m2ϕ23
)]
+N
[
Π− 1
2
ϕaǫab(Dq)
b
]
, (2.26)
where the {GA}A=0,1,2,3 are given by (2.7) and D denotes the spatial component of the
covariant derivative (2.23). The three constraints enforced by {Na, N} may be replaced by
three alternative ones, enforced by {u, v, w},
− u
[
−paǫab(Dq)b + 12
{
Π2 + ϕ′3
2 −
[
ϕ′3 +
1
2
ϕa(Dq)
a
]2
+m2(Dq)a(Dq)aϕ3
2
}]
− v
[
−pa(Dq)a − Πϕ′3
]
− w
[
pa(Dq)
a + 1
2
ϕaǫab(Dq)
bϕ′3
]
.
Since no derivative acts on the ϕa, we eliminate them through their equations of motion
u (Dq)a
(
ϕ′3 +
1
2
ϕb(Dq)
b
)
− w ǫab(Dq)bϕ′3 = 0 . (2.27a)
Successive projections of Eq. (2.27a) onto (Dq)a and ǫab(Dq)
b imply
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w = 0 , ϕ′3 +
1
2
ϕa(Dq)
a = 0 . (2.27b)
In the massless case, (2.26) and (2.27b) reproduce (2.6)–(2.9), once ϕ3 is identified with ϕ.
III. METRIC-BASED STARTING POINT
Beginning with the metric formulation of the action (1.5) as in (1.3) and (1.4), we de-
rive (1.6) and (1.7), without using gauge theoretical ideas. To begin, make the following
parameterization for the metric tensor [19].
gµν = e
2ρ
 u2 − v2 v
v −1
 . (3.1)
Passing to canonical form, the action (1.5) becomes
I =
∫
d2x
[
Πρρ˙+Πηη˙ +Πϕ˙− uE − vP
]
, (3.2)
where the constraints are
E = − 1
2πG
(η′′ − ρ′η′) + 2πGΠρΠη + λ
4πG
e2ρ + 1
2
(Π2 + ϕ′2) , (3.3a)
P = −Πρρ′ + Π′ρ − Πηη′ − Πϕ′ . (3.3b)
The variables ρ, Πρ, η and Πη are changed to new variables ρ
a and pa(a = 0, 1) using the
canonical transformation induced by the generating functional
F (ρ,Πη ; ρ
0, ρ1) = −
∫ ∞
−∞
dσ eρ(σ)
[
ρ0(σ) sinh θ(σ)− ρ1(σ) cosh θ(σ)
]
, (3.4)
θ(σ) ≡ 2πG
∫ σ
−∞
dσ˜Πη(σ˜) . (3.5)
(All of the fields in this expression have the same time argument, which is suppressed; σ
and σ˜ are spatial variables). The new variables ρa(σ) and pa(σ) obey pa = −δF/δρa, while
similarly for the old variables, η = −δF/δΠη and Πρ = δF/δρ. Note that the above canonical
transformations are non-local in the spatial variable σ but local in time.
In these variables the constraints (3.3) become
E = −ρa′ǫabpb − λ
4πG
pap
a + 1
2
(
Π2 + ϕ′2
)
, (3.6a)
P = −paρa′ − Πϕ′ . (3.6b)
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This form of the constraints appears at an intermediate step in [6]. In order to make the
comparison with (1.7) complete, we make the transformation
πa =
λ
4πG
pa − 12ǫabρb′ , (3.7a)
ra =
4πG
λ
ρa , (3.7b)
and find that (3.6) coincide with (1.7) [8].
IV. REMOVING ANOMALIES IN THE CANONICAL THEORY
The theory described by (1.6) and (1.7) appears to be very simple: there are three in-
dependent fields {ra, ϕ} and together with the canonical momenta {πa,Π} they lead to a
quadratic Hamiltonian, which has no interaction terms among the three; see (1.7a). Simi-
larly, the momentum comprises non-interacting terms, see (1.7b). However, there remains a
subtle “correlation interaction” as a consequence of the requirement that the energy and mo-
mentum densities, E and P, annihilate physical states, as follows from varying the Lagrange
multipliers u and v in (1.6)
E | ψ〉 = 0 , (4.1a)
P | ψ〉 = 0 . (4.1b)
Thus, even though E and P each are sums of non-interacting variables, the physical states
| ψ〉 are not direct products of states for the separate degrees of freedom. Note that Eqs. (4.1)
comprise the entire physical content of the theory. There is no need for any further “gauge
fixing” or “ghost” variables — this is the advantage of the Hamiltonian formalism that we
are pursuing in this Section.
The momentum constraint (4.1b) is easy to unravel: in a Schro¨dinger representation
where | ψ〉 is realized as a functional Ψ of {ra, ϕ}, on which these quantities act by multipli-
cation while the canonically conjugate momenta {πa,Π} act by (functional) differentiation,
Eq. (4.1b) implies that Ψ is a functional that is invariant against arbitrary reparameteriza-
tion of the spatial σ-variable: σ → σ˜(σ). Such functionals are readily constructed. Moreover,
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the commutator of P with itself closes on itself — even in the quantum theory the constraint
is first class and there is no obstruction to (4.1b)
i
[
P(σ),P(σ˜)
]
=
(
P(σ) + P(σ˜)
)
δ′(σ − σ˜) . (4.2)
(The commutator is at equal times, and the time argument is suppressed.)
The constraint (4.1a) is the Wheeler-DeWitt equation, and here an anomaly obstructs
solving it: while the commutator of E with itself closes on P [20]
i
[
E(σ), E(σ˜)
]
=
(
P(σ) + P(σ˜)
)
δ′(σ − σ˜) , (4.3)
the [E ,P] commutator possesses, in addition to an innocuous term involving E , a quantum
c-number anomaly
i
[
E(σ),P(σ˜)
]
=
(
E(σ) + E(σ˜)
)
δ′(σ − σ˜)− 1
12π
δ′′′(σ − σ˜) . (4.4)
The triple-derivative Schwinger term converts the classical first class constraint into a quantal
second class one and prevents finding a solution to (4.1a). Note that the Schwinger term
arises solely from the matter terms; the Schwinger term in the gravitational variables vanishes
owing to the indefinite sign: the contribution from a = 0 cancels against that from a = 1.
Correspondingly, in the absence of matter variables, all constraints can be, and have been
solved — there is no obstruction in the gravity sector.
In the absence of matter one finds two gravity states |±〉gravity. They are explicitly
represented by the functionals
Ψgravity(r
a) = exp
(
±iΛ
2
∫
dσǫabr
arb
′)
, (4.5)
and satisfy the gravitational portions of the constraints (1.7) [6]
− 1
2
(
1
Λ
πaπa + Λr
a′r′a
)
Ψgravity =
1
2
(
1
Λ
δ2
δraδra
− Λra′r′a
)
Ψgravity = 0 , (4.6a)
(−ra′πa)Ψgravity =
(
i ra′
δ
δra
)
Ψgravity = 0 . (4.6b)
The states (4.5) annihilated by the constraints may also be related to the Fock vacuum |0〉,
which in the Schro¨dinger representation reads
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Ψvacuum(r
a) = det
1
2
(
Λω
π
)
· exp
(
−Λ
2
∫
dσdσ˜(r0ωr0 + r1ωr1)
)
,
ω(σ, σ˜) =
∫
dk
2π
e−ik(σ−σ˜)|k| . (4.7)
The gravity states are then given by
|±〉gravity = det − 12
(
Λω
2π
)
·
[
exp
(
±Λ
2
∫
dk a†0(k) ǫ(k) a
†
1(−k)
)]
|0〉 , (4.8)
where the creation operators are defined in the same way for both fields
a †a (k) =
−i√
4π|Λk|
∫
dσ eikσ πa(σ) +
√
|Λk|
4π
∫
dσ eikσ ra(σ) . (4.9)
These pure dilaton gravity states, satisfying all constraints, have been obtained within
the gauge theoretical formalism in Refs. [6,9], within the metric formalism in Ref. [19], and
the relation between the two approaches has been elucidated in Ref. [21].
Once matter degrees of freedom are included, however, our Hamiltonian analysis of the
theory cannot be taken farther owing to the Schwinger term. We now show that it is possible
to alter the theory, by a change in the gravitational sector, whereupon the anomaly cancels.
To describe this modification, it is first convenient to form the sum and difference of the
constraints, putting them into the decoupled, Virasoro form,
Θ± = 12(E ∓ P) , (4.10)
L = πar˙a +Πϕ˙− λ+Θ+ − λ−Θ− ,
λ± = u∓ v , (4.11)
with (4.2)–(4.4) becoming
[
Θ±(σ),Θ±(σ˜)
]
= ±i
[
Θ±(σ) + Θ±(σ˜)
]
δ′(σ − σ˜)∓ i
24π
δ′′′(σ − σ˜) , (4.12a)[
Θ±(σ),Θ∓(σ˜)
]
= 0 . (4.12b)
Next, following Kucharˇ [10], we pass to new canonical variables, with the transformation
P± = − 1
2
√
Λ
(π0 + π1)±
√
Λ
2
(
r0′ − r1′
)
, (4.13a)
X±′ = ± 1
2
√
Λ
(π0 − π1)−
√
Λ
2
(
r0′ + r1′
)
, (4.13b)
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in terms of which the constraints read
Θ± = ±P±X±′ + θ± , (4.14)
where θ± is just the matter part
θ± = 14(Π± ϕ′)2 . (4.15)
The gravitational contribution to Θ± has been transformed into ±P±X±′, which looks
like the momentum density for fields {P±, X±}. One sees once again that the gravity portions
of the constraint do not give rise to an anomaly: a momentum density commutator possesses
no anomaly, see (4.2) — it is present only in the matter-part commutator [θ±, θ±].
With Kucharˇ [10], we now ask: is it possible to change the theory by adding something to
Θ±, so that the modified constraints possess no anomaly? A remarkably simple expression
is found to do the job. One verifies that the algebra of Θ˜±, defined by
Θ˜± = Θ± +
1
48π
(lnX±′)′′ ,
= ±P±X±′ + 1
48π
X±′′′
X±′
−
(
X±′′
X±′
)2+ : θ± : , (4.16)
possesses no anomaly. Here, : θ± : is normal-ordered with respect to the Fock vacuum defined
in (4.7).
[Actually Kucharˇ’s approach [10] is different: he normal orders θ± with respect to a
Gaussian (Fock) vacuum with covariance depending on X±; this changes the anomaly in the
matter commutator [θ±, θ±] to an X±-dependent expression. He then adds a further X±-
dependent term to Θ±, whose effect is to cancel the modified anomaly. In our approach, we
remain with the conventionally ordered θ± and the conventional anomaly, and find that the
relatively simple addition in (4.16) is sufficient. Moreover, (4.16) has a natural interpretation,
see below.]
With Θ˜± there is no obstruction, and we are instructed to solve
Θ˜± | ψ〉 = 0 , (4.17a)
or equivalently, in the Schro¨dinger representation
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(
1
i
δ
δX±
± 1
48πX±′
(lnX±′)′′ ± 1
X±′
θ±
)
Ψ = 0 . (4.17b)
One may say [10,22] that the anomaly is removed by introducing functional U(1) connections
A±(X±) = ± 1
48πX±′
(lnX±′)′′ , (4.18)
with curvature δA± (X±(σ˜)) /δX±(σ) − δA± (X±(σ)) /δX±(σ˜). In the modified constraint
Θ˜±, one still observes that there is no mixing between gravitational variables {P±, X±} and
matter variables {Π, ϕ}. But the modified gravitational contribution is no longer quadratic
— indeed it is non-polynomial — and we have no idea how to solve (4.17) [23].
The addition that we have made can be related to structures that have already appeared
in the literature in descriptions of two-dimensional matter fields interacting with external,
c-number gravity [11]. We now explain this.
Observe that our modified action reads
I˜ =
∫
d2x
{
P+X˙
+ + P−X˙− +Πϕ˙
− λ+
(
P+X
+′ +
1
48π
(lnX+′)′′ + θ+
)
− λ−
(
−P−X−′ + 1
48π
(lnX−′)′′ + θ−
)}
. (4.19)
Eliminating P± evaluates λ± as ±X˙±/X±′ and leaves [24]
I˜ = I0 +∆I , (4.20)
I0 =
∫
d2x
(
Πϕ˙− X˙
+
X+′
θ+ +
X˙−
X−′
θ−
)
, (4.21)
∆I =
1
48π
∫
d2x
(
− X˙
+
X+′
(lnX+′)′′ +
X˙−
X−′
(lnX−′)′′
)
. (4.22)
I0 is recognized to be just the matter action (1.4), written in first order from (so that metric
tensor components enter only as Lagrange multipliers) with gµν parametrized as
gµν = e
χ∂µX
a∂νX
bhab , (4.23)
and
θ± = 14
(√−g g0µ∂µϕ± ϕ′)2 = 14 (Π± ϕ′)2 . (4.24)
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It is well known that the energy momentum tensor θµν for the matter variables of the
theory described by I0
θµν =
2√−g
δI0
δgµν
, (4.25)
exhibits a quantal anomaly, which may be viewed as a diffeomorphism anomaly or a trace
anomaly. Usually this is described by computing the matrix elements of θµν in the presence
of a background gµν , 〈θµν〉g, and examining the divergence and trace of 〈θµν〉g [25]. Al-
ternatively one may functionally integrate the matter variables, obtain a nonlocal effective
gravitational action, Ieffective(g), which is functional of gµν , and study its diffeomorphism and
Weyl invariance properties [3]. Evidently 〈θµν〉g = (2/√−g)(δIeffective(g)/δgµν).
Still another approach is the following [11]. Form θµν as in (4.25) and express it in terms
of θ+ and θ− in (4.24), viewing these to be quantum operators satisfying the commutator
algebra (4.12)
θ++ =
1
2
(λ+ + 1)2θ+ +
1
2
(λ− − 1)2θ− , (4.26a)
θ−− = 12(λ
+ − 1)2θ+ + 12(λ− + 1)2θ− , (4.26b)
θ+− = 12
(
(λ+)2 − 1
)
θ+ +
1
2
(
(λ−)2 − 1
)
θ− . (4.26c)
Here λ± is the c-numbers λ± = (−√−g ± g01)/g11. It follows that the operator θµν is
traceless. Next compute the covariant divergence of θµν , where time derivatives are calculated
as commutators with the Hamiltonian,
H =
∫
dσ(λ+θ+ + λ
−θ−) , (4.27)
θ˙± = i[H, θ±] , (4.28)
and the quantum anomaly in the [θ±, θ±] commutator is taken into account. One finds
non-vanishing c-numbers for the divergence
Dµθ
µ
+ = − 1
24π
√−g
1√
2
(
(λ+ + 1)λ+′′′ − (λ− − 1)λ−′′′
)
, (4.29a)
Dµθ
µ− = − 1
24π
√−g
1√
2
(
(λ+ − 1)λ+′′′ − (λ− + 1)λ−′′′
)
. (4.29b)
Finally one asks whether there is a counter action ∆I, constructed solely from gµν , which
when summed with I0
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I˜ = I0 +∆I , (4.30)
produces a traceless and conserved energy-momentum tensor
θ˜µν =
2√−g
δI˜
δgµν
, (4.31a)
Dµθ˜
µ
ν = 0 . (4.31b)
The answer is that ∆I in (4.22) does the job, with λ± = ±X˙±/X±′, because the c-number
covariant divergence of (2/
√−g)δ∆I/δgµν cancels the right sides of (4.29).
We conclude this Section with various observations.
1. Even though I0 in (4.21) is a matter action like (1.4), but presented in first-order form,
the dynamical equations that follow from (4.21) are not identical to those of (1.4). As
was seen, our transformations on the CGHS theory result in the parameterization
(4.23) for the effective metric tensor, which occurs in the final matter action (4.21).
When the metric tensor is varied as a whole, which one can do in (1.4), one gets
the (classical) equation that θµν must vanish. On the other hand, when gµν is given
by (4.23), one can only vary χ and Xa; this gives weaker conditions: θµµ = 0 and
θµν(DµV
a
ν +DνV
a
µ − gµνDαV aα ) = 0, where V aµ = (expχ)∂µXa and (classical) conser-
vation of θµν has been used.
2. The consistent theory that we have constructed is diffeomorphism invariant because
the commutator anomaly has been removed, and also it is Weyl invariant because the
compensating term ∆I does not involve the conformal factor of the metric. This is
possible because the counter term, which is a local expression in terms of X± that are
the natural variables of the (transformed) CGHS theory, would be nonlocal if expressed
in terms of a metric tensor.
3. There is another route to the conclusion that elimination of the gravitational variables
in (1.6), (1.7) results in an action for matter coupled to a metric. Observe that L in
(1.6) is equivalent to a second order Lagrangian for three fields ΦA = (ra, ϕ), with the
index A being governed by the metric tensor diag (1,−1, 1)
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Lg+m → Lequivalent =
√−g
2
gµν∂µΦ
A∂νΦA . (4.32)
Here gµν is a fictitious metric tensor, unrelated to the gravitational variables of the
theory, but producing the Lagrange multipliers u and v in (1.6)
u =
−√−g
g11
, v = −g01
g11
. (4.33)
Consequently, forming the equivalent action, Iequivalent =
∫
d2xLequivalent, and func-
tionally integrating eiIequivalent over the first two fields, i.e. over ra, produces unity,
because of the indefinite metric: integration of r0 involves only the integrand
e
i
2
∫
d2x
√−g gµν∂µr0∂νr0 and yields eiIeffective(g), integration of r1 involves the integrand
e−
i
2
∫
d2x
√−g gµν∂µr1∂νr1 and yields e−iIeffective(g). Thus integration over the two gravita-
tional variables gives unity and leaves only the matter term e
i
2
∫
d2x
√−g gµν∂µϕ∂νϕ.
4. Observe that our addition ∆I in (4.22) is composed of two terms: one involving X+,
the other X−. One may verify that each term is proportional to the induced Polyakov
action [26]
∫ √−gR(DµDµ)−1R, in light-cone gauge [27]. [Summation formulas for
two Polyakov actions can be given, but they involve a cross term [28], so that the
sum occurring in (4.22) does not appear to be expressible in terms of single Polyakov
action.]
5. Finally we remark that the commutator anomaly in (4.12a) may alternatively be
cancelled by an addition to Θ± quite different from (4.16). One easily verifies
that Θ± + α±P ′± + β±X
±′′ closes with no triple derivative Schwinger term provided
α±β± = ∓(1/48π). Owing to the presence of P ′±, this modification does not have the
interpretation of a functional connection; in fact it is related to familiar “improve-
ments” of the energy-momentum tensor, which will be discussed in Section VI.
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V. NEGATIVE ENERGY SCALARS AND STATES IN PURE DILATON
GRAVITY
In this Section we consider quantization of a scalar field that enters the Lagrangian with
a negative kinetic term [such a field is present in the dilaton gravity Lagrangian, see (1.7)]
and show there are two options. In the first option, standard in string theory, one works
with positive energy states (some of negative norm) and finds a positive central term, which
therefore adds to the one coming from a conventionally signed Lagrangian, and thus even
pure dilaton gravity, without matter, possesses an obstruction in its constraint algebra, with
resulting center of (+2).
However, we can adopt a second option, where one works with positive norm states car-
rying negative energy. This leads to a negative central term, which cancels the one coming
from a conventionally signed Lagrangian, thereby removing the obstruction in the pure dila-
ton gravity constraint algebra. This is the choice made in Section IV. [Of course, when
states are taken to be explicit, Schro¨dinger representation functionals of the canonical (co-
ordinate) fields, negative norms cannot be achieved, and only the second option is available,
as in Section IV.] In this way we regain the quantization scheme of Refs. [6,9,19,21], which is
different from the usual string theory approach. There are two physical states and we give
their explicit form in oscillator language. These results can be interpreted as providing a
quantization for a string on two-dimensional Minkowski space, where all Virasoro constraints
are satisfied, without introducing ghosts.
A. Indefinite sign quadratic forms and central terms
Let us consider a free scalar field ξ(t, σ) in two space-time dimensions (t, σ). To make
rapid contact with string theory results, the spatial coordinate σ is taken on a circle: σ ∈
[0, 2π], but this does not alter significantly the infinite-line results of the previous Sections.
Since we are interested in comparing scalars with positive and negative kinetic terms, we
let ξ+(ξ−) denote the former (latter). Henceforth, the (±) subscripts do not denote light-
cone components; rather they signal positive (+) or negative (−) kinetic terms for ξ±. In a
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convenient normalization, the Minkowski action IM± for both scalar fields reads
IM± = ±
1
8π
∫
dt dσ[ξ˙ 2± − ξ′ 2± ] . (5.1)
No additional interactions are included, because as is seen from equations (4.6), the dynam-
ical problem in our final version of the pure dilaton gravity model is governed by quadratic
energy and momentum densities that must annihilate physical states. The fields in (5.1)
correspond to the gravitational ra degrees of freedom in (4.6).
As usual in path integral quantization, the weight factor is exp(iIM± ). The canonical
momenta Π± and Hamiltonians H± for this system are readily found:
Π± = ± 1
4π
ξ˙± , (5.2)
H± = ±1
2
∫ 2pi
0
dσ
(
4πΠ 2± +
1
4π
ξ′ 2±
)
. (5.3)
The basic equal time commutator is
[ξ±(σ),Π±(σ˜) ] = iδ(σ − σ˜) . (5.4)
(A common time argument is suppressed.) The Hamiltonian equations are solved by a set
of oscillator expansions.
ξ±(t, σ) = x± + 2t p± + i
∑
n 6=0
1
n
[
α±n e
−in (t−σ) + α±n e
−in (t+σ)] ,
±2πΠ±(t, σ) = p± + 12
∑
n 6=0
[
α±n e
−in (t−σ) + α±n e
−in (t+σ)] , (5.5)
where hermiticity requires (α±n )
† = α±−n, and (α
±
n )
† = α±−n. The non-vanishing commutators
are determined by (5.4)
[x±, p±] = ±i , [α±m, α±n ] = ±mδm+n,0 , [α±m, α±n ] = ±mδm+n,0 . (5.6)
Note that the commutation relations for the oscillators corresponding to the two different
scalars differ by a sign.
We define p± = α±0 = α
±
0 , and take the vacuum state |0〉 to be annihilated by all the
operators α±n and α
±
n with n ≥ 0:
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α±n |0〉 = α ±n |0〉 = 0 , n ≥ 0 . (5.7)
This follows the usual field theory (and string theory) treatment: the vacuum state is anni-
hilated by the oscillators that appear with positive frequencies in the expansion of the field
operators, and this choice is made for both scalars. An important consequence follows: the
states created by the creation operators have positive energy for both scalars. For scalars
with negative kinetic energy, the norm of some states will be negative (e.g. α−−|n||0〉), and as
will be seen below, the vacuum is not a localized wave functional in the Schro¨dinger repre-
sentation. Alternatively, another choice of creation and annihilation operators allows for a
localized vacuum wave functional and gives different conclusions about the structure of the
theory; this will be explained later.
We now continue with the analysis. It follows from (5.5) that at t = 0
1
2
(ξ˙± − ξ′±) =
∑
n
α±n e
inσ , 1
2
(ξ˙± + ξ′±) =
∑
n
α±n e
−inσ . (5.8)
Furthermore, also at t = 0
± 1
4
(ξ˙2± + ξ
′2
±) =
∑
p
(
e−ipσL
±
p + e
ipσL±p
)
, (5.9a)
±1
2
ξ˙± ξ′± =
∑
p
(
e−ipσL
±
p − eipσL±p
)
, (5.9b)
where all operators are normal ordered with respect to the vacuum defined in (5.7), and
L±p = ±12
∑
n
: α±p+nα
±
−n : , (5.10a)
L
±
p = ±12
∑
n
: α±p+nα
±
−n : . (5.10b)
These are the Virasoro operators. From (5.2), (5.9) and (5.10), we see that the Hamiltonians
are given by
H± = L±0 + L
±
0 = ±
(
p2± +
∞∑
n=1
(α±−nα
±
n + α
±
−nα
±
n )
)
, (5.11)
and the reader can verify that the creation operators indeed increase the energy both for the
case of ξ+ and ξ−. The Virasoro operators obey the following commutation relations
[L±m, L
±
n ] = (m− n)L±m+n +
c±
12
(m3 −m)δm+n,0 . (5.12)
25
with the L
±
m ’s satisfying exactly the same commutators. The central charge c± is easily
obtained from
c±
2
=
{〈0| [L±2 , L ±−2] |0〉 = 〈0|L±2 L ±−2 |0〉 = 14〈0|α±1 α±1 α±−1α±−1 |0〉
〈0| [L±2 , L ±−2] |0〉 = 〈0|L±2 L ±−2 |0〉 = 14〈0|α±1 α±1 α±−1α±−1 |0〉
}
. (5.13)
We now use the commutation relations (5.6), and find that c± = 1 for the scalars with
either positive or negative kinetic term. While the commutation relations for the respective
oscillators differ by a sign, they must be used twice, and therefore give the same sign in both
cases.
This result can also be presented in the context of the [E ,P] commutator. The energy-
momentum tensor for the scalars ξ± is given by
T±µν = ±12
(
∂µξ±∂νξ± − 12ηµν(∂ξ±)2
)
, (5.14)
where ηµν = diag(1,−1). It follows that
E±(σ) ≡ 1
2π
T±00(σ) = ±
1
8π
(ξ˙2± + ξ
′2
±) ≡
1
2π
∑
n
e−inσE±n ,
P±(σ) ≡ − 1
2π
T±01(σ) = ∓
1
4π
ξ˙±ξ′± ≡ −
1
2π
∑
n
e−inσP±n . (5.15)
Direct comparison with Eq. (5.9) gives
E±n = L±n + L±−n , P±n = L±n − L±−n . (5.16)
It is now a simple matter to use (5.12) (and its analog for the L
±
n ’s) to find
[E±m ,P±n ] = (m− n)E±m+n +
c±
6
(m3 −m)δm+n,0 . (5.17)
Since we have shown that c± = 1, it follows from the above equation that there is a central
term in the [E+m + E−m , P+n + P−n ] commutator. From the definitions (5.15) we conclude
that, with the quantization scheme described in this subSection, there is a central term in
the [E+(σ) + E−(σ) , P+(σ) +P−(σ)] commutator of the total energy and total momentum
densities. Thus the combined system of a positive norm and a negative norm scalar exhibits
a central term in the relevant commutator, so that the total E and P operators cannot
annihilate a state.
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B. Another choice
Since the Lagrangian with negative kinetic term gives rise to a Hamiltonian that appears
negative (in the above treatment positive energies are nevertheless achieved at the expense
of negative-norm states), one could say that the annihilation operator corresponds to a
negative frequency oscillator in the expansion of field operators. Thus, in contrast to the
usual conformal field theory choice (5.7), we can take
α+n |0〉 = α +n |0〉 = 0 , n ≥ 0 ,
α−n |0〉 = α −n |0〉 = 0 , n ≤ 0 , (5.18)
and now there are no negative norm states.
A further argument in favor of (5.18) can be made. Note that the positive frequency
modes are projected by
∫ 2pi
0
dσ e−iσn
(
±Π±(t, σ)− i|n|
4π
ξ±(t, σ)
)
=

α±n e
−int n > 0
α¯±|n| e
−i|n|t n < 0
(5.19)
This may also be presented with the aid of the positive kernel
ω(σ, σ˜) =
1
8π2
∑
n
ein(σ−σ˜)|n| , (5.20)
∫ 2pi
0
dσ e−iσn
(
±Π±(0, σ)− i
∫ 2pi
0
dσ˜ ω(σ, σ˜) ξ±(0, σ˜)
)
=

α±n n > 0 ,
α¯±|n| n < 0 .
(5.21)
When these modes are taken to annihilate the vacuum, as in conformal theory [see (5.7) ],
we have in the Schro¨dinger representation{
± δ
δξ±(σ)
+
∫ 2pi
0
dσ˜ ω(σ, σ˜) ξ±(σ˜)
}
Ψ0±(ξ±) = 0 , (5.22)
where Ψ0± is the vacuum functional depending on ξ±(σ) ≡ ξ±(0, σ). The unique (up to
normalization) solution is
Ψ0±(ξ±) = exp
(
∓1
2
∫
ξ± ω ξ±
)
. (5.23)
We see that for ξ−, whose kinetic term is negative, the functional grows inadmissibly as
a quadratic exponential, since the kernel is positive. On the contrary if in this case the
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modes annihilating the vacuum are taken with negative frequency, one obtains an acceptable
Gaussian, as in the usual case with positive kinetic term [see (4.7)].
With the choice (5.18) one readily verifies that states created with the positively moded
oscillators have positive norms, but negative energies. It also follows that the central term
c− corresponding to the scalar with negative kinetic term, quantized in this way, is given by
c− = −1. Indeed, the computation in (5.13) changes by a sign since this time L−2 annihilates
the vacuum [29].
With the ordering prescription we are considering now, there is no central term in [E+(σ)+
E−(σ),P+(σ˜) + P−(σ˜)], so that the total E and P operators can annihilate a state. The
relevant states, in the Schro¨dinger representation, read exp(± i
4pi
∫
dσ ξ+ξ
′
−) [compare (4.5)],
and we seek their Fock space equivalents to verify explicitly that they are annihilated by all
the Virasoro conditions. There is a well-defined procedure to go from a wave functional to its
corresponding state, and coherent state methods are most efficient. Since these methods are
familiar, we just give the result, which follows after a certain amount of simple computation.
The relation of the above state to the Fock vacuum is given by [compare (4.8)]
|±〉 =
{ ∞∏
n=1
2 · exp
(
±1
n
[
α+−nα
−
n − α +−nα −n
]) }
|0〉 . (5.24)
Recall that for the positive signature scalar the negatively moded oscillators are creation
operators and for the negative signature scalar the positively moded oscillators are creation
operators. It follows that all the oscillators appearing in the above exponential are creation
operators, as they should be for a normal ordered representation of the state. It is interesting
to note that the straightforward transcription from the Schro¨dinger representation gives a
state with the factor of two shown above, which prevents the state from being a linear
superposition with finite coefficients of Fock space states (states built with a finite number of
oscillators acting on the vacuum). We can drop this factor and concentrate on the nontrivial
part of the states
|Ψ±〉 = exp
(
±
∞∑
n=1
1
n
[
α+−nα
−
n − α +−nα −n
])
|0〉 . (5.25)
The Virasoro conditions or physical state conditions demand that the operators E±n and
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P±n given in (5.16) must annihilate |Ψ±〉 for all values of n. By taking suitable linear com-
binations of these constraints they can be put in the form Lm|Ψ±〉 = Lm|Ψ±〉 = 0 for all m,
where the operators
Lm ≡ L+m + L−m , Lm ≡ L +m + L −m , (5.26)
are the total Virasoro operators of the system, and the relevant oscillator expansions are given
in (5.10). Because holomorphic and antiholomorphic sectors of the constraints decouple, it
is sufficient to verify that
Lm e±Ω |0〉 = 0, where Ω =
∞∑
n=1
1
n
α+−nα
−
n . (5.27)
Since the Virasoro operators have at most two annihilators and Ω has two creators, multiple
commutators with more than two Ω’s must vanish. It is therefore enough to verify that
(
Lm + [Lm,±Ω] + 1
2
[ [Lm,Ω] ,Ω]
)
|0〉 = 0 . (5.28)
One readily checks that the above equation is satisfied since [Lm,±Ω]|0〉 = 0, and the other
two terms cancel each other. As a consequence (5.27) holds, and the states |Ψ±〉 satisfy all
the Virasoro constraints.
This result can be interpreted as providing physical states in a quantization of a string on
two-dimensional Minkowski space without introducing ghosts. To be sure, the state space
for this string, being two-fold, is rather small. Nevertheless, it is interesting that all Virasoro
constraints can be satisfied, and of course in the gravitational context, the states give an
adequate description of pure dilaton gravity on a line [6,9,19,21]. A similar construction can
also be carried out for a string in (d, d) dimensional space-time.
A final observation is in order. Since the constraints decouple the holomorphic and
antiholomorphic sector, we actually find four states satisfying the constraints: the extra
two corresponding to the remaining sign combinations that can be constructed in (5.25).
Nevertheless, one can show that such states do not have associated wave functionals; the
procedure for obtaining wave functionals from states does not work due to infinities. We
therefore suspect that these other two states are not likely to be relevant. There may be
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other physical states, but we have not found them. (The strategy of multiplying |Ψ±〉 by an
operator that commutes with all Virasoro operators does not give anything new.)
VI. ACHIEVING ZERO CENTER WITHIN THE CONFORMAL APPROACH
In this Section we go back to the quantization choice for the negative signed scalar
field conventional in conformal theory, so that its center is c− = 1. We use the Euclidean
treatment with z ≡ τ + iσ, z¯ ≡ τ − iσ, (∂ ≡ ∂
∂z
, ∂ ≡ ∂
∂z¯
) but retain indefinite signature
for the two gravitational scalar fields. We discuss “improvements” of the energy-momentum
tensor and then show how to achieve constraints without a center.
A. Central terms and improvements
Let ξ+ and ξ− denote free scalar Euclidean fields with positive and negative kinetic terms
respectively. For both scalars we set ξ±(z, z¯) = ξ±(z) + ξ¯±(z¯), as implied by the equation of
motion, and one has
〈ξ±(z1)ξ±(z2)〉 = ∓ ln(z1 − z2) , 〈ξ¯±(z¯1)ξ¯±(z¯2)〉 = ∓ ln(z¯1 − z¯2) . (6.1)
We shall now discuss the standard improvement terms that can change the central charge
of a two-dimensional scalar field. Consider the holomorphic component of the energy-
momentum tensor, improved by a linear term
T±(z) = ∓12∂ξ±(z)∂ξ±(z) +
Q±
2
∂2ξ±(z) , (6.2)
where we take the constants Q± to be real (in Minkowski space this makes the extra term
in the energy-momentum tensor real). A short calculation gives
c± = 1± 3Q2± . (6.3)
Therefore the improvement increases the central charge of the positively signed scalar ξ+,
and decreases the one of the negatively signed scalar ξ−. The constants Q+ and Q− are
arbitrary. Choosing them allows setting the total central charge to any desired value, and
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various choices will be made below. For definiteness we shall take the choice where Q+ or
Q− vanishes, and the other is adjusted to fix the total central charge.
For later reference we note that when the (holomorphic) energy-momentum tensor for a
free Bose field χ(z, z¯) = χ(z) + χ(z¯) takes the form
T (z) = −1
2
∂χ(z)∂χ(z) +
Q
2
∂2χ(z) , (6.4)
then the local operators ewχ(z) have dimension
dim
(
ewχ(z)
)
=
Q2
8
− 1
2
(
w − Q
2
)2
. (6.5)
Moreover, since the translation current i∂χ is no longer a tensor when Q 6= 0, the state-
operator correspondence for momentum eigenstates is not the standard one [30].
|p〉 ⇐⇒ exp
(
ipχ(z) +
Q
2
χ(z)
)
. (6.6)
It follows from the last two equations that
L0|p〉 =
(Q2
8
+
p2
2
)
|p〉 . (6.7)
B. Achieving zero center
When we quantize pure dilaton gravity (without matter but with cosmological term) in
the way conventional for conformal theory, we obtain a system with central charge c = 2,
and there is an obstruction. The (holomorphic) energy-momentum tensor reads
T = −1
2
∂ξ+∂ξ+ +
1
2
∂ξ−∂ξ− . (6.8)
We improve the negative norm scalar to c− = −1 by taking Q− =
√
2/3. Thus
T˜ = −1
2
∂ξ+∂ξ+ +
1
2
∂ξ−∂ξ− +
1√
6
∂2ξ− , (6.9)
defines constraints with no obstruction. There is no guarantee, however, that there are
interesting states satisfying the constraints. We suspect that the physical states, if any, are
not finite linear superpositions of Fock space states, but rather infinite linear superpositions
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of such states [as is the case for pure dilaton gravity, quantized so that obstructions cancel,
see (5.25)].
Let us now include one free matter field, ϕ(z, z¯) = ϕ(z) + ϕ(z¯). The relevant energy-
momentum tensor is then
T = −1
2
∂ξ+∂ξ+ +
1
2
∂ξ−∂ξ− − 12∂ϕ∂ϕ . (6.10)
This produces a central term (+3) and the resulting constraints cannot be consistently
imposed. Again, we improve in the negative norm scalar sector to lower the central charge
of that scalar, and get zero for the total center. Taking Q− = 1 we obtain
T˜ = −1
2
∂ξ+∂ξ+ +
1
2
∂ξ−∂ξ− + 12∂
2ξ− − 12∂ϕ∂ϕ , (6.11)
This energy-momentum tensor presents no obstruction to quantization, but again, it remains
to be seen whether there are interesting physical states.
Finally we note that in the presence of matter, with gravity quantized as in Section IV,
where the negative signed gravitational scalar cancels the center of the positive signed grav-
itational scalar, there remains the center c = 1 from the matter field. This may be removed
by improving the energy-momentum tensor of the negatively signed scalar as is indicated in
point (5) at the end of Section IV. In the present formalism this corresponds to Q− =
√
2/3.
VII. BRST QUANTIZATION OF THE DILATON GRAVITY THEORY
In this Section we consider the quantization of dilaton gravity by the covariant (BRST)
method. Conformal field theory conventions are followed for the negative-signed scalar, so
that c− = 1. To begin one must add the reparameterization ghost and antighost, as is justi-
fied by noting that the original action is invariant under two-dimensional diffeomorphisms,
and BRST quantization requires that the two-dimensional Lagrangian be supplemented by
gauge fixing and ghost/antighost terms. Upon selecting the conformal gauge, the Weyl fac-
tor of the two-dimensional metric (Liouville field) together with the dilaton field comprise
the two gravitational variables.
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In two-dimensional gravity-matter theories, consistent quantization follows when the
combined gravity, matter and ghost degrees of freedom define a conformal field theory with
vanishing total central charge [31]. Since the ghost conformal field theory gives a contribu-
tion of (−26) to the central charge, the gravity and matter degrees of freedom must give a
total central charge of (+26) and this will require changing the central charge by adding a
background charge to the energy-momentum tensor of the positively-signed scalar.
This Section has three parts. In the first and second parts, we set up the formalism for
pure dilaton gravity and for matter-coupled dilaton gravity respectively. In the third part,
we discuss physical states and the semi-classical limit.
A. Pure Dilaton Gravity
In the BRST approach to quantization, we improve the positive signed scalar ξ+ to reach
total central charge (+26) for both scalars. Then the theory is coupled to the ghost system
which has total central charge (−26). We therefore need Q+ = 2
√
2 leading to c+ = 25,
c+ + c− = 26. The relevant (holomorphic) energy-momentum tensor is therefore given as
T˜ (z) = Tgr(z) + Tgh(z), (7.1)
where the improved gravity tensor Tgr(z) and the ghost tensor Tgh(z) are
Tgr = −12∂ξ+∂ξ+ +
√
2∂2ξ+ +
1
2
∂ξ−∂ξ− , (7.2)
Tgh = 2(∂c)b + c∂b . (7.3)
Here c and b are the holomorphic ghost and antighost fields respectively, and satisfy
〈b(z)c(w)〉 = 1/(z − w). The total energy-momentum tensor T˜ has no central term. In
this quantization procedure physical states are annihilated by the BRST operator
QB =
∮
dz c(z) (Tgr(z) +
1
2
Tgh(z)) + antiholomorphic ,
QB |phys〉 = 0 . (7.4a)
Physical states satisfy an equivalence relation (cohomology),
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|phys〉 ≡ |phys〉+QB|α〉 . (7.4b)
Since, on general grounds {QB, b} = T˜ , it follows that physical states do not have to be
annihilated by T˜ . One just has
T˜ |phys〉 = {QB, b} |phys〉 = QB
(
b |phys〉
)
, (7.5)
namely, T˜ on physical states must give a BRST trivial state (almost zero!). It follows that
the states annihilated by T˜ do not coincide with the BRST physical states. While the states
annihilated by T˜ are likely to be very few, the spectrum of BRST physical states is quite rich.
In some cases, the BRST physical states are in correspondence with the states annihilated by
the positive modes of the matter part of the energy momentum tensor, the so-called “matter
primaries”.
The total energy-momentum tensor in (7.1)-(7.3) coincides with that of the “Gaussian
model”, a model where a single boson is minimally coupled to pure two-dimensional gravity
(frequently called “c = 1” model, highlighting the matter contribution to the central term.).
The field ξ+ plays the role of the Weyl factor in the metric tensor (Liouville field), and ξ−
plays the role of the single boson. In the Gaussian model, however, this boson has positive
kinetic energy, so its contribution to Tgr enters with opposite sign in (7.2).
B. Matter-coupled dilaton gravity
Let us now include a single matter field, ϕ. The relevant energy-momentum tensor is
then
T = −1
2
∂ξ+∂ξ+ +
1
2
∂ξ−∂ξ− − 12∂ϕ∂ϕ . (7.6)
In the BRST approach, we improve ξ+ to get c+ = 24 and introduce the ghosts. This requires
Q+ =
√
23/3
T̂ = −1
2
∂ξ+∂ξ+ +
√
23
12
∂2ξ+ +
1
2
∂ξ−∂ξ− − 12∂ϕ∂ϕ + 2(∂c)b+ c∂b . (7.7)
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Since this energy-momentum tensor has zero central term one can now find physical states
within BRST quantization. We shall discuss the physical states of this theory in the next
subSection.
Yet another approach would begin by interpreting the starting point for quantization as
a system having three scalar fields (ξ+, ξ−, ϕ) on a curved world-sheet. Quantization would
proceed by adding a further gravitational field ϕg with cg = 23, and the (b, c) ghost system.
Physical states would be defined by the corresponding BRST operator. We shall not discuss
this possibility any further.
C. Physical states and a comparison with the flat space spectrum
In this subSection we discuss physical states in the BRST quantization of pure dilaton
gravity, and matter-coupled dilaton gravity. To understand the pure dilaton gravity case we
begin by discussing the Gaussian model, whose physical states [12] are in correspondence
with those of pure dilaton gravity. We then examine a question relevant to the semi-classical
limit of the BRST quantized matter-coupled dilaton gravity theory. We use the results of
Ref. [13] to enumerate the physical states, and show that the spectrum differs significantly
from the spectrum of a free massless particle propagating in flat space in the absence of
gravity.
When pure two-dimensional gravity (no dilaton) is coupled minimally to a free massless
positive signature boson X , one obtains the Gaussian model. This model can be viewed
in two different ways: as a quantum gravity field theory in two dimensions with very few
physical states, or as a string theory whose target space is two dimensional. Both theories
arise as different interpretations for the BRST quantization of the Gaussian model.
The BRST quantization of the Gaussian model proceeds by adding the (b, c) ghost system
to account for diffeomorphism invariance, and using a positive signature Liouville field ϕL
to represent the Weyl factor of the metric. A background charge QL = 2
√
2 is included for
ϕL, and thus its center is cL = 25. Together with the field X , ϕL forms a system of center
c = 26, the right amount to be cancelled by the ghost system. The physical states of such
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system, defined by the BRST cohomology at the relevant ghost number, are well known [12].
Among the physical states, there is one family parametrized by a continuous parameter. It
arises from consideration of the state
|V (pX , pL)〉 = c1c¯1 |pX , pL〉 . (7.8)
where c1 and c¯1 are oscillator modes of the fields c(z) and c¯(z¯), and |pX , pL〉 is a vacuum
state carrying momenta pX and pL in the matter and Liouville sectors respectively. For
such a state, the BRST condition simply requires that L0|V (pX , pL)〉 = L0|V (pX , pL)〉 = 0.
Explicitly these conditions give
L0|V (pX , pL)〉 =
(
−1 + p
2
X
2
+ 1 +
p2L
2
)
c1c¯1 |pX , pL〉 = 0 , (7.9)
and exactly the same equation for L0. In the above equation we have indicated explicitly
the contributions to L0 coming from the ghost oscillators (−1), from the matter (12p2X), and
from the Liouville sector (1 + 1
2
p2L), as follows from Eq.(6.7). Therefore, the physical state
conditions require
p2X + p
2
L = 0 → pX = p , pL = ±ip , (7.10)
where p is an unconstrained real parameter, and the physical states are given as
|V±(p)〉 = c1c¯1 |p,±ip〉 . (7.11)
In addition to this state, parametrized by a continuous variable p, one finds states of the
type
(α−m1 · · ·α−mpϕ−k1 · · ·ϕ−kq)(α¯−n1 · · · α¯−nsϕ¯−l1 · · · ϕ¯−lt)c1c¯1|pX , pL〉 , (7.12)
obtained by acting with some number of creation operators of X (α−n and α¯−n) and ϕL
(ϕ−n and ϕ¯−n) on the momentum eigenstate |pX , pL〉. Here the BRST conditions force pX
and ipL to be fixed real numbers. The BRST conditions also fix specific combinations of
creation operators. Due to the absence of a continuous parameter in the allowable momenta
these are called discrete states. (There are also more complicated discrete states involving
ghost oscillators.)
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We can use the BRST quantization of the Gaussian model as a quantization of pure
dilaton gravity. The cohomology problem, which determines physical states, is the same for
the two models once we identify the two dilaton gravity fields ξ+ and ξ− with ϕL and X
respectively, except for the change of signature needed to replace ξ− with X . This change
is of little relevance. It is possible to use the results of Bouwknegt.et.al. [12] to see that the
set of BRST physical states is not altered except for the changes implied by the signature-
altering identification X ↔ iξ−. Notice that in this way we obtain a set of physical states for
pure dilaton gravity which is far richer than the two states gotten by non-BRST quantization
methods described in SectionV. At the same time the number of states is not large enough
to give rise to a propagating field degree of freedom (see below). This is consistent with
expectations from a naive degrees of freedom count: pure two-dimensional gravity giving
3− 2× 2 = −1, and the dilaton counting as +1, for a total of zero.
[As a digression let us remark that it makes more sense to interpret the BRST-quantized
Gaussian model as pure dilaton gravity, rather than as pure gravity (no dilaton) coupled to
a massless matter field. The point is that after BRST quantization almost nothing is left of
the scalar field – there are too few quantum states. Indeed the set of BRST physical states
bears no resemblance to the set of physical states that would be obtained by quantizing a
scalar massless field on a flat two-dimensional space without gravity. If the space coordinate
is a circle, the physical states of a single two-dimensional free massless boson can be obtained
from the expansion of ξ+ given in (5.5), and are of the form
(α−m1)
n1 · · · (α−mp)np(α¯−l1)r1 · · · (α¯−lq)rq | p〉 , (7.13)
where p ∈ [−∞,+∞] is an arbitrary constant labeling the eigenvalue of the Π+ zero mode.
These states, arising from quantization on a cylinder, are the analogs of the many-particle
states obtained by quantizing on the infinite space-like line. The state with no oscillators
may be paired naturally with the state given in (7.11), but the states with oscillators in
(7.13) still have a continuous parameter. That parameter is absent in the discrete BRST
states (7.12), moreover, the discrete states are anyway too few. (All this is consistent with
the situation in the unquantized, classical theory where the equation for the matter field X
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that follows from varying gµν requires the vanishing of the matter energy-momentum tensor
θµν = ∂µX∂νX − 12gµνgαβ∂αX∂βX , which in turn means either that X is constant and gµν
undetermined, or gµν is singular.)]
The BRST-quantized Gaussian model may alternatively be used to define a two-
dimensional string theory. In this case ϕL and X are viewed as coordinates for a two-
dimensional target space, the space-time of the string theory. Following the standard
paradigm, to each state of the Gaussian model one assigns a space-time field, and rein-
terprets the physical state conditions as linearized equations of motion together with gauge
conditions for the space-time field. In doing this one must decide whether ϕL or X is to be
analytically continued to represent time. Both choices have been made in the literature. We
shall choose X , and thus we let pX → ipX . In our present context this is suggested from
the correspondence with dilaton gravity where the negative signature field ξ− is identified
with X . Following the string paradigm, associated to the state (7.11) we have a scalar field
η(pX , pL), whose linearized equation of motion requires −p2X + p2L = 0. This is therefore a
massless scalar field, somewhat misleadingly called the “tachyon”. This is the only quantum
field in the theory. The discrete states lead to space-time “fields” whose linearized equations
of motion and gauge conditions are so strong that they eliminate all degrees of freedom
except for a single constant: the value of the field at the allowed momenta. These degrees
of freedom are parameters of the background space-time. Sigma model studies have shown
that the effective field theory limit of this string theory is precisely the two-dimensional
dilaton gravity theory indicated in Eq.(1.1) coupled to a single massless field. To summarize
the indirect argument: pure dilaton gravity theory, after transformation to quadratic form,
is BRST quantized as a Gaussian model; then a string theory is constructed, which in the
effective field theoretic limit reproduces a dilaton gravity model coupled to a single massless
field.
We can now proceed with the case of dilaton gravity coupled minimally to a single matter
field ϕ. The energy-momentum tensor relevant for the BRST quantization of this theory was
given in Eq.(7.7). In order to compare this system to those in the literature, it is convenient
to label (ξ−, ϕ) ≡ (X0, X1) as ‘matter’ fields, and to label ξ+ ≡ ϕL as the Liouville field .
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The energy-momentum tensor then reads (with Q =
√
23/3)
T˜ (z) = −1
2
∂ϕL∂ϕL +
√
23
12
∂2ϕL +
1
2
∂X0∂X0 − 1
2
∂X1∂X1 + 2(∂c)b+ c∂b . (7.14)
The general results of Ref. [13] concerning BRST cohomology for d matter fields coupled to
a Liouville field apply for the case when d = 2. For the standard ghost number, and apart
from some discrete states, the result is simple. The cohomology is isomorphic to a (d − 1)
dimensional on-shell Fock space, and is therefore one-dimensional for our present case. While
the results of Ref. [13] were given for the holomorphic sector, the total cohomology for the
two sectors combined is just the tensor product, except for discrete states. Thus the Fock
space must include both barred and unbarred oscillators. Letting (p0, p1, pL) denote the zero
modes of (X0, X1, ϕL), we can describe the counting of states in the cohomology as the set
of states obtained by acting with a complete single set of oscillators (a†n, a
†
n) (n > 0) on a
vacuum |p0, p1, pL〉, where the on-shell condition arising from the (L0 + L0) = 0 constraint
requires that
− (p0)2 + (p1)2 + (pL)2 + Q
2
4
+N − 2 = 0 . (7.15)
Here N ≥ 0 is the total number operator of the oscillators that are acting on the vacuum
state.
At first sight the field theoretical interpretation of the BRST cohomology seems encour-
aging since we saw that the free scalar field without gravity has precisely a Fock space that
is generated with a single complete set of oscillators. The zero modes, however, do not seem
to work out. In the case of one matter field with no gravity, the zero mode p labeling the
vacuum amounts to one single parameter. Here, in dilaton gravity, we have three zero modes
(p0, p1, pL) and only one constraint, thus two parameters. This mismatch is generic, and will
not disappear by adding extra matter fields. We therefore conclude that there is a difference
between the naive semi-classical spectrum we would expect for a free scalar field and the
spectrum we have obtained by BRST quantization of matter coupled dilaton gravity. (A
string interpretation of the BRST physical states would correspond to a three dimensional
target space and is not relevant to our purposes.)
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If this difference is truly significant, and remains so when the space is not a circle but an
open line, one would reach the conclusion that there seems to be no known two-dimensional
quantum gravity theory coupled to matter whose set of physical states resembles closely
that of a matter theory without gravity. A possible exception to this conclusion might be
the quantum gravity provided by two-dimensional string theory. In this case there is strong
evidence that the semi-classical limit of this theory corresponds to a massless scalar field
propagating on a particular two-dimensional space-time background [30].
VIII. CONCLUSION AND DISCUSSION
In this paper we have addressed questions relevant to the definition and quantization of
two-dimensional dilaton gravity. One important issue concerns field redefinitions and the
starting point for quantization. In Ref. [7] a series of field redefinitions, some not invertible,
reduced the dilaton gravity theory without cosmological constant to a conformal theory of
two free scalar fields with opposite norm. As we have seen, even the theory with non-
zero cosmological term can be brought to the same final form, as was done in Ref. [6] and
Section III with the help of temporally local but spatially non-local field transformations.
An obvious question is whether the physics is changed by such redefinitions, and the fact
that the same final theory emerges, regardless whether a cosmological constant is present,
suggests that field redefinitions are non-trivial in the quantum case. Perhaps the redefinitions
ought to be interpreted as part of the definition of the quantum theory; namely, the classical
system is first manipulated into a particular form, and then quantized.
After carrying out our reduction to indefinite quadratic form we have seen how pure
dilaton gravity can be quantized without obstruction by adopting particular quantization
scheme for the scalar with negative kinetic energy. As a byproduct, we found a unitary
quantization of a string in two-dimensional Minkowski space where all Virasoro constraints
are satisfied. There are only two physical states, and therefore this is not a rich spectrum.
Nevertheless, as a matter of principle, it is quite surprising that there are nontrivial states
annihilated by all the Virasoro operators, since in standard string theory the vacuum state
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and all physical states are only annihilated by the positively moded Virasoro operators.
While our states have infinite norm they can be presented as well defined linear superposition
of Fock space states.
Once matter is included, the theory is still of indefinite quadratic form, but the con-
straints cannot be solved owing to the quantal commutator anomaly. We emphasize that
classically the constraints can be satisfied and the equations can be solved [6]. Also when
the quantized matter comprises point particles, there are no serious obstructions to satis-
fying the constraints and the quantum theory can be analyzed to the end [32]. It is only
quantized matter fields that produce problems. We have seen that progress can be made
when various modifications or improvements are effected. While the obstructions can be
overcome in various ways, the physical picture in the resulting quantum theory bears no
resemblance to the classical physics, except in BRST quantization where there is a vague
resemblance. This suggests that semi-classical analysis may be of questionable relevance
even for an approximate description [33,34].
It would be interesting to clarify the status of quantization of four-dimensional gravity in
light of the observations made in the present work. Since physical gravity has propagating
states, we would expect that the relevant constraints of the quantum theory will exhibit a
center even in the absence of matter. If this center could be determined precisely one could
investigate if it can be removed by introducing special variables, improvement terms, and/or
by the use of alternative quantization schemes, as in the two-dimensional model.
Acknowledgment R. Jackiw thanks C. Kiefer and K. Kucharˇ for discussions about their work.
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